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Felsenstein Pruning & Yang Gamma Substitution Model
Selection vs. jModelTest Across Coding, rRNA & ITS Loci

Head-to-head calibration of column-compressed Felsenstein tree-pruning and
continuous-time Markov chain matrix exponentiation against jModelTest v2.1.9
(PhyML v3.0) across 24 nucleotide substitution models (JC, F81, K80, HKY, SYM,
GTR X [Uniform, +I, +G4, +I1+G4]).

| Genomic Element | | Optimal Substitution & Rate Model | | Empirical Failure/
Overfitting Boundary | | Corrective Assay & Model Selection Protocol |

| Vertebrate Mitochondrial COX1 (1,545 bp Coding Frame) | | HKY +I / HKY +& Gamma; 4
(Strong purine/pyrimidine transition bias & kappa; = 7.971, unequal mtDNA base
frequencies, and invariant site fraction p inv = 0.5783 driven by 1st/2nd codon

purifying selection) | | Uniform-rate models (JC, K80, F81 without +I or +& Gamma; 4

) underestimate branch lengths on saturated 3rd-codon positions by >380

log-likelihood units (DeltaBIC > 750). | | Evaluate 24-model CTMC hierarchy via
Felsenstein pruning with +1 and 4-category discrete Y ang Gamma (+& Gamma; 4 ) rate
heterogeneity ranked by Bayesian Information Criterion (BIC). |

| Eukaryotic ITS1-5.851TS2 & Prokaryotic 16S rRNA | | K80+& Gamma; 4 (Fungal ITS
cistrons, alpha= 0.3200) & HKY (Prokaryotic 16S rRNA operons) | | Applying
parameter-rich 10-parameter GTR+1+& Gamma; 4 models to short (<= 90 bp), nearly
invariant rRNA stems results in severe overparameterization (DeltaBIC = +11.6 to
+34.0 vs. JC). | | Enforce sample-size-penalized BIC (BIC =K \Inn - 2\InL) and
corrected Akaike Information Criterion (AIC c¢) to automatically collapse
overparameterized rate matrices onto parsimonious baselines. |

Generated by: Native Rust Column-Compressed Felsenstein Model Test Engine (
modeltest.rs)

Accurate phylogenetic tree inference requires selecting a nucleotide substitution

model that balances transition/transversion bias, unequal base composition, and

site-to-site rate heterogeneity (+1 and +& Gamma; 4 ) without overparameterizing

short alignments. Benchmarking a native column-compressed Felsenstein pruning engine
against jModel Test v2.1.9 ( PhyML v3.0) across 24 candidate substitution models
demonstrates 100% BIC best-model concordance across protein-coding COX1 ( HKY+I , r
=0.9936), prokaryotic 16SrRNA ( HKY ), fungal ITS1-5.85ITS2 cistrons ( K8O+G, r
=0.9893), and a 90 bp conserved 16S stem negative control ( JC, BIC r =0.9992) at
128-fold to 496-fold faster runtime.

1. Mathematical Formulation: Continuous-Time Markov Chain Rate
Matrices, Matrix Exponentiation & Felsenstein Pruning

In probabilistic molecular systematics, nucleotide evolution along a phylogenetic

tree topology \tau with branch lengths\{t e\} is governed by an instantaneous 4 x

4 Continuous-Time Markov Chain (CTMC) rate matrix Q =\{qij \} over states\{A, C,
G, T\} [1, 2]. Under time-reversibility, off-diagonal substitution rates factor into
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symmetric exchangeability parametersr ij = r ji and stationary base frequencies \pi
=(\pi A, \pi C,\pi G, \pi T), normalized such that -\sumi\pi i qii =1
expected substitution per site per unit branch length:

* 3-Substitution-Scheme Candidate Hierarchy (24 Models): Spanning the classical
nested model hierarchy evaluated by jModel Test 2 (Darriba et al., 2012; Posada,
2008) [1, 2]: JC69 (equal \pi i = 0.25, 1 rate), F81 (empirical \pi i , 1 rate), K80
(equal \pi i = 0.25, transition/transversion ratio \kappa), HKY 85 (empirical \pi i,
transition/transversion ratio \kappa), SYM (equal \pi i = 0.25, 6 reversible
exchangeabilitiesr AC,rAG,rAT,rCG,rCT,rGT),and GTR (empirical \pi
i, 6 reversible exchangeahilities).

* Among-Site Rate Heterogeneity ( Uniform , +l , +G4 , +1+G4 ): Each of the 6
substitution schemes is crossed with 4 site-rate regimes: uniform rate across sites,
aproportion of invariant sites (+1, parameter p inv \in (0, 1)), Yang's (1994)

4-category discrete Gamma distribution (+\Gamma 4 , shape parameter apha governing
rate multipliersr 1,r 2, r 3, r 4 with mean $1.0$) [3], and combined
invariant-plus-Gamma (+I+\Gamma 4 ).

* Column Site-Pattern Compression & Scaling-and-Squaring Exponentiation: Rather than
re-evaluating identical alignment columns or spawning 24 external PhyML processes
viaJaval/O, our native Rust engine compresses N x L alignmentsinto P\Il L unique

site patterns with multiplicity weightsw p , computes finite-time transition

probability matrices P(t) = \exp(Qt) via 6th-order Pad& eacute;/Taylor
scaling-and-squaring (dt = t/64 followed by 6 matrix squarings), and evaluates
Felsenstein's (1981) post-order pruning recurrencein parallel across all 24 models

[4].

| Cohort ID & Genomic Regime | | Taxa (N) | | Aligned Len (bp) | | Unique Patterns
(P) | | Native Runtime (ms) | | jModel Test Runtime (ms) | | Native Speedup (X) | |
Native Best BIC Model | | jModel Test Best BIC Model | | Native Best -InL | |
jModelTest Best -InL | | 24-Model InL Pearsonr | | 24-Model BIC Pearson r |

| Vertebrate Mitochondrial COX1 Coding Panel (Carnivora Mitogenomes) | | 10 | | 1545
|]162 || 43.56 || 21623.82|]496.40 | |HKY+I | | HKY +I | | 4780.6745 | |
4684.3818 || 0.9936 | | 0.9929 |

| Prokaryotic 16S rRNA Multi-Operon & Cross-Phylum Panel ( E. coli , S. enterica,
B. subtilis) || 5]| 1868 || 104 | | 31.58 | | 6046.90 | | 191.48 | | HKY | |
HKY || 5073.8473 || 5068.7131 | | 0.8167 | | 0.7794 |

| Eukaryotic Fungal ITS1-5.85-ITS2 Cistron Panel ( Aspergillus & Candida) ||5]]
766|226 |]52.90| | 6774.04 || 128.06 | | K8O+G | | K8O+G | | 2294.4525 | |
2284.2159 |1 0.9893 || 0.9776 |

| Uninformative 90 bp Invariant 16S Stem Negative Control (Helix H27, 89/90
Invariant) | |4]]90]||5]|28.64||1637.89||57.18||JC||JC|]|
131.3629 | | 131.3594 | | 0.9664 | | 0.9992 |

Generated by: Native Rust Column-Compressed Felsenstein Model Test Engine (
modeltest.rs) * jModel Test v2.1.9 / PhyML v3.0
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2. Regime 1 -- Vertebrate Mitochondrial COX1 (1,545 bp): Codon
Purifying Selection Drives HKY+I Selection (r = 0.9936)

Across the 10-taxon Carnivora mitochondrial COX 1 alignment (1,545 bp, compressed
from 1,545 columns to 162 unique site patterns with empirical base frequencies\pi A
=0.2611, \pi C=0.2356, \pi G =0.1897, \pi T =0.3136 and 70.87% invariant

columns), both the native Felsenstein pruning engine and jModel Test v2.1.9 select

HKY +| as the optimal model under the Bayesian Information Criterion (w BIC = 0.8567
in Native; w BIC = 1.0000 in jModel Test ), with 24-model 1og-likelihoods correlating

at r = 0.9936 (BIC Pearson r = 0.9929 ).

Mechanistically, the selection of HKY +I (\kappa = 7.971, p inv = 0.5783) reflects

the biophysics of the mitochondrial genetic code : first and second codon positions
encoding the 12 transmembrane helices of Cytochrome ¢ Oxidase Subunit | are
virtually invariant ( H pos2 = 0.000 hits), creating alarge discrete class of

unvarying sites (+1), while third-codon wobble positions undergo rapid purine (A
\leftrightarrow G) and pyrimidine (C \leftrightarrow T) transitions (\kappa ~ 8.0)

under A+T-biased mitochondrial replication. In terms of computational throughput,
jModel Test v2.1.9 requires 21,623.82 ms to spawn 24 external PhyML_3.0_win32.exe
processes, whereas the native Rust pruning engine evaluates al 24 modelsin 43.56

ms -- a496.4-fold speedup .

Generated by: Native Rust Column-Compressed Felsenstein Model Test Engine (
modeltest.rs) * jModel Test v2.1.9 / PhyML v3.0

3. Regime 2 -- Fungal ITS1-5.8S-ITS2 Cistrons & Bacterial 16S rRNA
Operons: Continuous Gamma Heterogeneity vs. Stem Conservation

Evaluating ribosomal RNA operons and internal transcribed spacers highlights how
distinct secondary-structure architectures select for different rate-heterogeneity
models:

* Eukaryotic Fungal ITS1-5.85-ITS2 Cistron (766 bp aligned across Aspergillus and
Candida): Because the nuclear ribosomal cistron combines an invariant 158 bp 5.8S
subunit ( H = 0.34 bits) with rapidly evolving ITSL (H = 1.94 bits) and ITS2 (H =
1.78 bits) spacers, evolution across the cistron follows a highly skewed continuous
rate distribution. Both Native Rust Model Test (52.90 ms) and jModel Test v2.1.9
(6,774.04 ms; 128.1-fold speedup ) select K80+G as the #1 BIC model, with top-3
ranking order ( K80+G \rightarrow K80+ \rightarrow K80+1+G ) and log-likelihoods
matching at r = 0.9893 (-\In L = 2294.4525 in Native vs. $2284.2159% in jModel Test
).

* Prokaryotic 16S rRNA Operons (1,868 bp aligned across E. coli rrsA / rrsB / rrsH
S. enterica, and B. subtilis): Both engines select HKY as the #1 BIC model (-\In L
=5073.8473, BIC = 10230.55 in Native vs. -\In L = 5068.7131, BIC = 10227.82 in
jModel Test -- alog-likelihood difference of just 0.10\% at a 191.5-fold speedup :
31.58 msvs. 6,046.90 ms).

Generated by: Native Rust Column-Compressed Felsenstein Model Test Engine (
modeltest.rs) * jModel Test v2.1.9 / PhyML v3.0
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4. Shared Overparameterization Boundary: BIC Penalty Rejects GTR+I+G
on Short Invariant Amplicons (r = 0.9992)

A common pitfall in automated phylogeneticsis applying a parameter-rich GTR+I+G
model by default to short, low-diversity diagnostic amplicons where the alignment
contains too few segregating sites to estimate 8-10 substitution and rate parameters
reliably. When tested on a 90 bp conserved 16S decoding-stem window (Helix H27
across 4 enteric operons containing 89/90 invariant columns and a single

substitution), both Native Rust Model Test and jModel Test v2.1.9 converge on nearly
identical log-likelihoods (-\In L = 131.3629 vs. $131.3594%, MAD = $0.3521%, BIC
Pearson r = 0.9992 ) and select the 0-exchangeability JC baseline (w BIC = 0.6347 in
Native; w BIC = 0.6120 in jModel Test ), penalizing GTR+I+G by >18 BIC units. Every
top-12 model rank matches in exact 1-to-1 order between both tools ( JC \rightarrow
K80 \rightarrow JC+G \rightarrow JC+I \rightarrow K80+G \rightarrow K80+l
\rightarrow F81 \rightarrow JC+1+G \rightarrow HKY \rightarrow K80+I+G \rightarrow
F81+G \rightarrow F81+l ).

Discussion & Key Takeaways

Integrating column-compressed Felsenstein tree-pruning and scaling-and-squaring CTMC
matrix exponentiation directly into our native Rust systematics engine reproduces

the model selection decisions of jModel Test v2.1.9 ( PhyML v3.0) across al four

structural regimes ( HKY +I on mitochondrial COX1 , HKY on bacterial 16S rRNA , K80+G
on fungal ITS1-5.85-ITS2, and JC on short conserved stems) while accelerating

execution by 128-fold to 496-fold.

Beyond computational speed, coupling model selection telemetry with sequence
structural annotations clarifies why specific substitution parameters are favored:
invariant site fractions (+1) track strongly with purifying selection on 1st and 2nd
codon positions in protein-coding genes, whereas discrete Gamma rate heterogeneity
(+\Gamma 4 ) captures the continuous rate contrast between conserved rRNA cores (
5.8S) and hypervariable spacer loops (ITS1/1TS2). Moving forward, all
phylogenomic pipelines run native model selection by default while supporting
on-demand external verification via --modeltest jmodeltest .

NCBI RefSeq / GenBank Accession & Coordinate Provenance

All sequence alignments, Felsenstein log-likelihood evaluations, and
information-criterion rankings in this discovery are anchored to empirical NCBI
RefSeq and GenBank records cached locally and archived in the CRV Science Labs
dataset repository:

| Accession & Coordinates | | Reference Organism / Cohort | | Target Gene/
Chromosomal Locus | | Span (bp) | | Database Verification |

| NC_003427.1:6484-8028 | | Ursus arctos (plus 9 Carnivora Mitogenomes) | |
Mitochondrial Cytochrome ¢ Oxidase Subunit | ( COX1) || 1545 || NCBI RefSeq
Verified |

| NC_000913.3:4035531-4037072 | | Escherichia coli str. K-12 substr. MG1655 | | 16S
Ribosomal RNA Operons (rrsA , rrsB , rrsH ) | | 1542 | | NCBI RefSeq Verified |
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| NC_003197.2:4199911-4201452 | | Salmonella enterica subsp. enterica serovar
Typhimurium str. LT2 | | 16S Ribosomal RNA (rrsA ) || 1542 | | NCBI RefSeq
Verified |

| NC_000964.3:9809-11362 | | Bacillus subtilis subsp. subtilis str. 168 | | 16S
Ribosomal RNA (rrnO-16S) | | 1554 | | NCBI RefSeq Verified |

[NR _121481.1/NR_111041.1/ NR_130658.1 | | Aspergillus fumigatus, A. niger , A.
flavus | | Nuclear Ribosomal 1TS1-5.85-1TS2 Cistron | | 596 | | NCBI RefSeq Verified

| NR_138295.1/ NR_132055.1 | | Candida abicans, Candidatropicalis | | Nuclear
Ribosomal ITS1-5.8SITS2 Cistron | | 524 | | NCBI RefSeq Verified |

Generated by: NCBI Entrez E-Utilities ( efetch.fcgi ) * CRV Science Labs
PoliteCacheManager ( fetch.rs) * Native Rust Column-Compressed Felsenstein
Model Test Engine ( modeltest.rs)
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